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In the present paper we define Samuelson's webs and their rank. The 
main result of the paper is the proof that the rank of the Samuelson webs 
does not exceed 6, as well as finding the conditions under which this rank 
is maximal for the general Samuelson webs as well as for their singular 
cases. 

1 Introduction 

Application of web theory in economics has its origins in the works of Gerard 
Debreu and Paul A. Samuelson (Nobel Prize winners in economics in 1983 and 
1972). 

Debreu showed that the existence of a function providing a preference ordering 
is equivalent to the triviality of a certain 3-web. In Samuelson's theory the 
problem of profit maximization can be formulated in terms of web theory (see, 
for example, [1]). 

In this paper we propose interpreting the area condition of Maxwell-Samuelson 
in terms of webs as a quadratic relation on the differential forms defining a planar 
4-web. This makes transparent the relationship between Maxwell-Samuelson's 
condition and Abel's equations. We use this observation to derive a system of 
differential equations, which we call Samuelson's equations, and which to a large 
extent are similar to the Abel equations. As for Abel's equations, we introduce 
the notion of the rank of Samuelson's web (S'-rank) which coincides with the 
dimension of the solution space of the system of Samuelson's equations. 

The main result of this paper is the proof that the rank of the Samuelson 
webs does not exceed 6, as well as finding the conditions under which this 
rank is maximal. Our approach is constructive and, in particular, it contains a 
procedure for finding the rank of an arbitrary S'-web (cf. [5]). 



2 Samuelson's webs 

Let M =< wi, a>2, W3, L04 > be a 4-web in the plane. We say that this 4-web is a 
Samuelson's web, if some differential forms cji,lJ2, U3 and W4 defining the 4-web 
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satisfy the following exterior quadratic relation: 

L03 A u)\ + LU4 A u>2 = 0. (1) 

In what follows, for brevity we shall call Samuelson's webs S-webs. 

Symplectic and contact geometry provide examples of S-webs. Let 1R 4 be a 
four-dimensional symplectic manifold with a structure form dyif\dx\+dy2f\dx2, 
and let M 2 C K 4 be a Lagrangian surface on which the differentials of any pair 
of the coordinate functions (xi, X2), (yx, yi), (xi, yj) are linearly independent. 
Then the 4- web on this surface defined by the level curves of these functions is 
an S- web. 

We shall call this web the coordinate S-web on the Lagrangian surface. 

In a similar way an S-web arises on Legendrian manifolds M 2 C M 5 , lying 
in contact manifolds (K 5 , dz — ydx) . 

In the definition of S-webs the differential 1-forms u>i are defined up to 
multiplication by functions Xi which do not vanish at any point: 

Ui — * \ t LO t , (2) 

and which satisfy the condition 

A3A1 = A4A2. 

This condition allows us to make the following normalization of the 4-web. 
First, we can choose the factors Ai, A2 11 A3 in such a way that 

uj 3 + uji + oj 2 = 0. (3) 

With this choice of the differential forms u>i,u>2 and W3, one can show that the 
factors Ai in u>i in relation ([2]) must be equal: 

Ai = A2 = A3 = A4 = A. 

With normalization ([3]), condition HJ takes the form (W4 + ^i) A 1V2 — 0. It 
follows that 

U4 + oji + bu>2 = 0, 

where b gives the basis invariant of the 4-web (see [2]). 

More precisely, the value of the function b~ 1 (a) at the point a e K 2 is 
the cross-ratio of the points [oji a , L02 a , ^3 a, ^4 a] on the projective straight line 

P(T a *(R 2 )). 

Secondly, we choose the factor A in such a way that 0J3 = df for some function 
/. Denote by x and y such functions which satisfy the conditions 

uj\ A dx — 0, u>2 A dy = 0, 

but where dx A dy ^ 0. 

These functions x and y can be chosen as coordinates, and equation |(3|) gives 
the following relations: 

w 3 = df, uji = -f x dx, uj 2 = -fydy. 
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3 Structure equations 



As in [2], denote by 7 such a 1-form that 

du>i — uji A 7, i = 1, 2, 3. 

This form determines the Chern connection in the plane, and the first three web 
foliations are geodesic with respect to this connection. The curvature form dj 
of this connection is a differential invariant of the 3-web < oj%, u>2, (^3 >■ 

Denote by {81,62} the basis of vector fields dual to the basis {wi,^}: < 
Ui,8j >= Sij, i.j = 1,2. 

Then for any function h we have 

dh = h\LJ\ + h 2 uj2, (4) 

where hi = 8\(h) and /12 = 82(h). 

Differentiating relation (j4]), we find that 

[8 1 ,6 2 }=H(d 2 -d 1 ), (5) 

where 



H 



fxy 



fxfy 

In the coordinates (x, y), the vector fields 8\ and 82 have the following form: 

di = -fx 1 8x, 8 2 = -fy X 8 y . 
In what follows we shall use the notation: hi = 8i(h), hij = 8idj(h), etc. 



4 Samuelson's equations 

The Maxwell-Samuelson area condition means that an iS-web can be realized 
as indicated in our main example. 

Precisely this relation requires that the web W4 is equivalent to a coordinate 
4- web on a certain Lagrangian surface. 

More precisely, it is required that there exist positive factors si, S2, t\ and ti 
such that the forms s\uj\, S2LO2, £1^3 and t20Ji satisfy relation ([I]) and are closed. 

These requirements imply the following relations: 

d(siwi) = d(s 2 w 2 ) = d(*iW3) = d(t 2 Ui) = 0, 

(6) 

Sl t 1 = S 2 t2- 

We find now the explicit form of these equations. 
We have 

d(siLJi) = (Hsi — si,2)wi A u>2 = 0. 
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It follows that 

Similarly, we get 



Si, 2 = Hsi 



S2,l = Hs 2 . 

For the third equation of system (J6j) we have 

d(tiUJ 3 ) = (*i,2 ~ h,i)ui A lo 2 = 0, 

whence it follows that 

fl,2 - = 0. 

Similarly, we have 

d{t 2 Lo±) = (t 2 ,2 - 6*2,1 - t 2 (bi -(b- l)H))wi A u 2 = 0, 
whence it follows that 

ta,3 -Wa,! -ta(6i _ 1 ) jff ) = °' 
We define new functions o-, and r i7 z = 1, 2 by the following formulas: 

a* = logs,, n = logtj; i = 1,2. 

Then equations (J6J take the following form: 

^1,2 = H, CT2.1 = ff, 

ri,2 - 7-1,1 = 0, (7) 
&72,i - r 2i2 = (b — l)H - b\. 

In addition, the second equation of system ((6|) shows that 

(71 + 71 = (72 + 7 2 . (8) 

Using the last equation of system Q and ([5]) and representing r 2 from ((Sj) 
in the form 7 2 = <j\ + t\ — a 2 , we obtain the final form of equations ([7]) : 



(71,2 = H, 0"2,1 = H, 

7i, 2 - n,i = 0, 

&o-i,i + (b - l)n 2 + <72,2 = 2W7 - 6i. 



(9) 



We shall call system © Samuelson's equations, and the dimension of the solution 
space of this system we shall call the rank of the S-web. 

Let £i C J 1 (7r) be a representaion of system ([9]) of Samuelson's equations 
as a submanifold in the space of 1-jets. Here we denote by ir : R 3 x R 2 — > M 2 
the trivial fiber bundle, where ir : (oi, CT2, n, x, y) t— * (x,y) Then one can easily 
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check that codim E\ — 4, and the symbol g\ C T* ® ir of this system is of 
dimension 2. 

Let further £ 2 = C J 2 (tt) be the first prolongation of the system of 
Samuelson's equations. 

Then direct computation shows that codim £ 2 = 12, and that the symbol g% 
of this system, which is the first prolongation of the symbol g±, g% = g^ , has 
the dimension 1. 

For the second prolongation £ 3 = £^ C 3 3 (tt) we have respectively codim £ 3 = 
24, and dimgf' = 0. 

In other words, the prolongations of the system of the Samuelson's equations 
form the following sequence of fibrations: 

R 2 £■ J°(tt) & £ x £ £ 2 2- £ 3 . 

(2) 

Note that the condition g\ — means that the projection 7^2 : £3 —>■ £2 is a 
diffeomorphism, and thus the second prolongation £3 defines a certain natural 
connection in the fiber bundle 7T2 : £2 — ► R 2 • 

TeopeMa 1. System (0) of the differential Samuelson's equations is a finite type 
system, and the rank of the S-web does not exceed dim tt + dim g\ + dim g^ = 6. 

The condition that the rank of an S'-web is maximal means that the connection 
indicated above is trivial, or that all obstructions to integration of system |(9|) 
are absent. 

As in [2j, these conditions can be calculated using the multibracket [4]. 
However, below we give an alternative method which allows us to indicate not 
only the condition for maximum rank of the S'-web but also to calculate this 
rank in concrete cases. 



5 Calculation of the rank of 5-webs 

Consider the first equation ai.2 = H of the system of Samuelson's equations. 
Taking into account relation |(5]), we can rewrite this equation in the form 



fxy 



fxfy 

whence 

£71 = - log \f x \ + Sl(x). 

Similarly, 

cr 2 = -log IJVI + s 2 (y). 
The solutions of the third equation 

(9i-d 2 )(ri) = 
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of system |(9]) have the form 



71 



since the function / is the first integral of the vector field d\ ~ 82- 

Substituting ax, 02, and t\ in the last equation of system ^ , we find that 



bs[ 



where 



B, 



fxx , /yy 



(10) 



B = 2bH-b l + + if- + (b - l)w'. 

Jx Jy 



Taking the first derivative with respect to x and the second mixed derivative 
with respect to x and y of equation lfT0|) , we find that 



b x s[+bs'{ = B x , 



bys'l = B. 



bxyS\ 



XI) ■ 



Denote the determinant of this system considered as a system of linear equations 
with respect to the functions s[ 11 s'[ by A: 



b x b y 



bbr. 



Then if A ^ 0, the solution of this system has the form 

, _ b y B x — bB xy 



(11) 



A 



(12) 



Note that the function s[ depends on the variable x only. Thus in order to 
satisfy relations (fTTj) and (fT2l) . it is necessary and sufficient that the following 
conditions hold: 

bB r ' 



Ji 



b y B x 



A 



■h 



b x B X y 



b X yB x 



b y B x 



0. 



bB, 



= 0. 



(13) 



(14) 



If these conditions are satisfied, then equations (fill) and iflQ]) determine the 
functions Si(x) and s' 2 (y), and consequently the functions S\(x) and S2(y), up 
to additive constants. 

Thus in the case when relations (fl3|) and (fl4"ll are satisfied, the solution space 
of the system of equations ffTTj) and (fTUj) is two-dimensional. 

If at least one of equations lfl3|) or (fl4|) is not satisfied and A = 0, then 
system ([9]) of Samuelson's equations does not have a solution. 

Note also that after the substitution b — Ce h the condition A ~ becomes 
the condition h xy = 0, and thus implies that the function b is a product of 
functions of x and y: b(x, y) = b\{x)b2{y)- We shall consider this case separately. 
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Now consider now conditions (fT3| and (| 14|) as differential equations with 
respect to the function w. Then condition (fT3| leads to the equation 



^-^/x/> (4) + T 3W W + T 2 w" + T lW ' + T Q = 0. (15) 
Similarly from condition (fl"4"ll we get the equation 

h -^j^-flfyw (i) + S s w® + S 2 w" + Sxw' + S = 0, (16) 

where the coefficients To, T\, T2, T 3 and So, Si, S 2 , S3 are expressed in terms of 
the jets of the functions / and b of orders five and six, respectively. 
We set 

AT, ASj 
Then equations lfT5|) and (fl6l) take the form 



(17) 



+ K 3 wW + K 2 w" + Kiw' +K = 0, 
«)( 4 ' + L 3 w^ + L 2 w" + Liw' + L = 0. 



Let us set 5 = di — d 2 . Then S(w^) = 0, and applying the differentiation S 
to (fl7"ll . we find two sequences of equations, respectively: 

5 l (K 3 )w ( V + S l (K 2 )w" + 5 l {Ki)w' + 5 l (K ) = 0, 

(18) 

S l (L 3 )w^ + 5 l {L 2 )w" + 8 l {Liw') + S X (L ) = 0, 
where i = 1,2. 

Note that the maximal dimension of the solution space of system (fl7j) equals 

4. 

In order to get the four-dimensional solution space, it is necessary and 
sufficient that the following conditions be satisfied: 

Ki=Li, 6{Ki) = 0, i = 0,l,2,3. 

If the above conditions do not hold, then the dimension of the solution space 
(if solutions exist) of system lfT7j) may vary from —1 to 3 depending on the 
behavior of the functions 6(K{) and 8{Li). 

TeopeMa 2. Suppose that the basic invariant b of an S-web satisfies the condition 
A ^ 0. Then this S-web is of maximum rank 6 if and only if Ki = Li, 8{Ki) = 
for oHi = 0,l,2,3. 

Note that if the system of equations (fl7| . lfl3|) and lfl4|) has solutions, 
then the corresponding S-web is isomorphic to the coordinate S-web on the 
Lagrangian surface. However, if the system indicated above does not have solutions, 
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then the corresponding .S'-web is not isomorphic to any coordinate S'-web on the 
Lagrangian surface. 

In conclusion we consider the case of singular S-webs, i.e., S-webs, satisfying 
the condition A = 0. 

In this case b(x,y) = b\{x)b 2 {x), and equation (fT0|) can be written in the 
form 

Mi - b^s' 2 = b^B. (19) 
The condition of solvability of equation (fl9|) is the single condition 

J 3 - {b^B) xy = (20) 

Note that if this condition is satisfied, then equation lfl9|) has a three- 
dimensional solution space. 

In fact, differentiating equation (fT9| with respect to x, we obtain the equation 
(bis'i)' = (b 2 ~ 1 B) x , which has a two-dimensional solution space. 

Then, given s±(x), equation lfl9|) is a first-order differential equation with 
respect to s 2 (y). 

Equation l(20|) considered as equation with respect to the function w has the 
form 

&2 *(& - l)f x f y w^ + r 2 w" + nw' + r = 0, 

or 

w (3) + R 2 w" + R x w' + R = 0, 

where 

Note that the coefficients Ri of this equation depends on the fourth jet of 
the web function /. 

TeopeMa 3. Suppose that the basic invariant b of an S-web is decomposable, 
i.e., b(x, y) — b\{x)b2{y) ■ Then this S-web is of maximum rank 6 if and only if 
5{Ri) =0, 4 = 0,1,2. 
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